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' Abstract 
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^ A more detailed derivation of the Heisenberg uncertainty principle from the certainty principle is given. 
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Introductory remarks. After publication of the paper ^ I received many letters, including those with refer- 
ences. In this connection, I think it is necessary to specify the following: 

1. The metric introduced by me ("quantum angle") is known to mathematicians from 1904 as Fubini-Study 
metric. 



^ . 2. The correct "uncertainty relation" (in fact, certainty relation) for the quantities energy - time was first 



suggested by Mandelshtam and Tamm 121. 



3. Mandelshtam and Tamm studied a quantum system in the Schrodinger representation and did not use group 
(<~^ ' theory methods. For this reason they could not understand that their result has more general character. 

. 4. In contrast, I used group theory formulations. And implied that the system can be studied, in particular, 
' in the representation of relativistic canonical quantization % . This allowed me to formulate the certainty 

. principle and to suggest more general inequalities. 

(— I Some of my critics refused to believe that the Heisenberg uncertainty principle is really a consequence of the 
certainty principle. They claimed that "this can not be so, because this can never be so" . 

Nevertheless, this is so. And here I give a more detailed explanation. 



Derivation of the uncertainty principle. Suppose that for a given quantum system we succeeded to find 
some observable X , that can be considered in some sense a "coordinate operator" . 

Suppose that A is a self-adjoint operator with continuous spectrum, X — X* . Let us denote rJ(a,6) its spectral 
projector^ for an arbitrary real interval (a, 6) . 

Suppose also that we have a self-adjoint operator P , P = P* , such that for any a , b and Sx we have equality: 

^+iSx P/h ct ^—iSxP/h o 

i. e. P is a "generator of spectral shifts" for X . As we know, such an operator is usually an operator of 
momentum. 

Suppose now that the system is in state ) , ( | ) = 1 . 

The quantity {^(a,b)) , obviously, defines the probability to find the system inside the interval (a, 6) . Let us 
define such / and r , that 

( ^{-oo,i) ) = ( ^(r,+oo) > = i - iVl - cos2 1 « 0, 07926 . . . 



• ^http: / /daarb.narod.ru/l , |http: / /wave.front.ru/| 

Roughly speaking, spectral projector is an operator nullifying wave function in X -representation outside of the given interval. 
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It is easy to see, that I and r exist^. So, the quantity 6)X ~ r ~ I can be naturally called "uncertainty" of the 
coordinate X . 



Theorem. The following inequality takes place (the uncertainty principle): 



(1) 



In order to prove this theorem let us first estimate the scalar product of the vector ) and the shifted vector 

= I ( ^ ^> ^ ^/'^ ) + ( ^) ^ ^/'^ > I ^ 



y/i + iVT^cos2i • y^i - iVT^cos2i 



i - Wl - COs2 1 • ^/i + Wl - COs2 1 = cos 1 



Here, coming from the fifth to the sixth line, we estimated both terms by the Cauchy-Bunyakovsky-Schwarz 
inequality. 

So, for the quantum angle between the initial and the shifted vectors we have estimation: 

But it means that under the action of e^''-^)^^!^ the vector ) changes siifestanim/Zj/ ^J. 
Applying the certainty principle we directly get ■ 

Discussion. Historically, it stacked up so |S| that now in all textbooks the Heisenberg uncertainty principle is 
illustrated with the help of the Kcnnard inequality, 

which is not identical with Its undoubted virtue is that its proof is easier to understand for a person, who just 
starts to study quantum mechanics. Nevertheless, I believe that is more fundamental. 
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^But, generally speaking, they are not unique. In order to eliminate this non- uniqueness, it is convenient to choose I maximum of 
the possible, and r — minimum. Then the distance r — I will be minimum. 
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AHHOTau,Ha 

IIpHBOflHTca 6ojiee fleTajibHtiii BtiBOfl npHHii;Hna neonpeflejieHHOCTH reH3eH6epra h3 npHHii;Hna onpeflejieHHOCTH. 

Bso^Hbie 3aMeHaHHa. ITocjie ony6jiHKOBaHHH CTaTbH jl] a nojiynnji mhofo otsmbob, b tom HHCJie c jiHTepaTypHBiMH 
yKasaHHflMH. B cbssh c sthm, c^HTaio Heo6xoflHMbiM yTOHHHTb cjieflyiomee: 

1. BBe^eHHaa mhokj MeipHKa („KBaHTOBbiH yroji") HSBecTHa MaTSMaTHKaM c 1904 r. xax juempuKa 0y6uHU- 
Illmydu. 

2. IlpaBHjibHoe „cooTHomeHHe HeonpeflejieHHOCTeii" (na caMOM ^ejie, cooTHomeHHe onpedejieHHOcmu) ^jih BejiHHHH 
SHeprHfl - BpeMfl 6biJio BnepBbie npe^jjiojKeHO Man^ejibniTaMOM h TaMMOM [5]. 

3. MaH^ejibniTaM h TaMM HsyHajiH KBanTOByio CHCTeMy b npeflCTaBjieHHH IIIpe^HHrepa, a TaKJKe ne HcnojibsOBajiH 
TeopeTHKO-rpynnoBbie MeTO^bi. XlosTOMy hm ne yflajiocb noHATb, hto hx pesyjibTaT HMeeT 6ojiee o6iri;HH 
xapaKTep. 

4. 51 jKe HcnojibsOBaji TeopeTHKO-rpynnoBbie (J)opMyjiHpoBKH. H no^paayMeBaji, ^^to CHCTeMa MOJKeT, b HacTHOCTH, 
Hsy^aTbCiJ B npe^CTaBjieHHH pejisTHBHCTCKoro KaHOHHHecKoro KBaHTOBaHHH ^ . 9to nosBOJiHjio mhs ccJjopMyjiHpoBaTb 
npHHiiHn onpeflejieHHOCTH h npefljioJKHTb 6ojiee o6iri;He HepaBencTBa. 

HeKOTopbie moh kphthkh OTKasajincb BepnTb, hto npHHiinn neonpe^iejieHHOCTH reH3eH6epra ^jencTBHTejibHO aBJiaeTca 
cjie^CTBHeM npHHiiHna onpe^ejieHHOCTH. Ohh 3aflBHJiH, hto „3Toro ne MOJKeT 6biTb, noTOMy hto SToro ne MOJKeT 

6bITb HHKOrfla". 



^ \ TeM He Menee, sto Tax h ecTb. H s^ecb a ^aio 6ojiee no^po6Hoe o6'bacHeHHe. 
■ I— I 



$H BbiBo^ npHHi];Hna HeonpeflejieHHocTH. /JonycTHM, y paccMaTpHBaeMoii KBaHTOBofi CHCTeMbi naM y^ajiocb 
HaiiTH HeKOTopyio Ha6jiiOflaeMyio X , KOTopyio mojkho b tom hjih hhom CMbicjie c^HTaTb ee „onepaTopoM KOopflH- 

HaTbl". 



By^ieM nojiaraTb, hto X — caMOConpajKenHbiii onepaTop c HenpepbiBHbiM cnexTpoM, X = X* . 06o3HaHHM ^(a,b) 
ero cneKTpajibHbiii npoexTop^ ^Jia npoHBBOJibHoro BemecTBeHHoro HHTepBajia (a, 6) . 

/lonycTHM TaKJKe, hto HMeeTca caMOConpajKenHbiii onepaTop P , P = P* , TaKoii, hto fljia jiio6bix a , b 'a 5x 
HMeeT MecTO paBencTBo: 

+ i5xP/hri —ibxPlh (-) 

e "(a+(5x,b+5x) e — "(a, 6) 7 

T. e. P HBJifleTCfl „reHepaTopoM cneKTpajibHbix c^BHroB" ^jih X . Kax H3BecTH0, TaxHM onepaTopoM o6bi^HO 
aBjiHGTca onepaTop HMnyjibca. 

IlycTb Tenepb CHCTeMa naxo^iHTCfl b coctohhhh ) , ( | ) = 1 . 

BejiHHHHa ( f2(a,6) ) , OHeBHflHO, onpe^ejifleT BepoiiTHOCTb naiiTH cncTeMy BHyTpn HHTepBajia (a, 6) . Onpe^ejiHM 

TaKHG / H r , ^TO 

( ^{-^.i) > = ( ^{r,^oo) ) = \- iVl - cos2 1 « 0, 07926 . . . 



' ^htt p://daarb. narod.ru/ , http://wave.front.ru/ 

^FpySo rOBOpa, cneKTpajibHtiii npoeKTOp — sto onepaTOp, saHyjiaiomnii BOJiHOByio (jjyHKifHio b X -npeflCTaBJiennH bhb flaHHOro 
HHTepnajia. 
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JlerKO BH^ieTb, ^to I h r cymecTByiOT^ . IIpH stom BejiHHHHy S^X — r — I enojiHe ecTecTseHHO mojkho HassaTb 
„HeonpeflejieHHOCTbK)" KOop^HHaTbi X . 

T e o p e M a. HMeem Mecmo Hepaeencmeo (npuHV,un HeonpedejieHHOcmu) : 



(1) 



/^jifl flOKasaTejibCTBa 3Toii TeopeMbi OLi;eHHM BnaHajie CKajiapHoe npoHBsefleHHe seKTopa 

^-iS'fXP/h^ . 

I ( ^^(-oo,.)^-^'''''^/') I + I (^^(^^+00)^-^^)^^/'-') I = 



H cflBHHyToro BeKTopa 



•y/i + i\/T^cos2i • y^i - iVT^cos2i + 



i - Wl - COs2 1 • ^/ i + Wl - COs2 1 = COS 1 



Sflecb npH nepexofle c nsToii na mecTyio CTpoxy mm oijeHHjiH o6a cjiaraeMbix c noMombio HepaBencTBa KoniH- 
ByHflKOBCKoro-IIlBapiia. 

TaKHM o6pa30M, fljia KBaHTOBoro yrjia MejK^y hcxo^hmm h c^jBHHyTbiM BexTopaMH HMeeM oiienKy: 

Z() , e-^^)^^) ) ^ 1 . 

Ho 3T0 03HaHaeT, ^TO nofl fleiicTBHeM bgrtop ) MeHaeTca cyit^ecmeeMHO 

HpHMeHaa npHHiinn onpedeAeHHOcmu 0, Henocpe^CTBeHHO nojiyHaen (QJ. ■ 

06cy»cfleHHe. HcTopn^ecKH cjioacHjiocb Tax hto cefti^ac bo Bcex yHe6HHKax npHHijHn Heonpe^ejieHHOCTH 
reii3eH6epra HJiJiiocTpHpyeTCfl c noMombio nepaBencTBa KenHap^a, 

KOTopoe He HBJifleTca TOJKflecTBeHHbiM Ero necoMHeHHoe ^joctohhctbo coctoht b tom, hto ero ^OKasaTejibCTBO 
jierHe noHHTb i^ejiOBeKy, KOTopbiii BnepBbie Ha^nnaeT Hsy^aTb KBanTOByro MexaHHKy. O^naKO, r Bce >Ke nojiaraio, 
HTO Q flBjiflGTCfl 6ojiee cjjyHflaMeHTajibHbiM. 

BjiaroflapHocTH. B saKjiiOHeHHe xoHy no6jiaroflapHTb T. A. BojioxoBa, A. B. OcnnoBa, E. B. AxceHOBy, 

A. K). TomeBHKOBy, A. KjieiiHa, M. FaTTH, A. K. IIsth h H. 3H^epca sa nojiesHbie ^iHCKyccHH, jiHTepaTypnbie 

yKasaHHfl h noMomb b flo6biBaHHH jiHTepaTypbi. 
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^Ho, BOoSme roBopH, ne e^HHCTBeHHBi. HtoSbi ycTpaHHTB 3Ty MHorosnaHHOCTB, y^oSno BBiSnpaTB / MaKCHMajiBHtiM h3 bo3mo>khbix, 
a r — MHHHMajibHHM. ToFfla paccToaHHe r — I Sy^ex MHHHMajibHHM. 
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